The microscopic cluster model approach has been performed to study the nuclear structure of the lightest and heaviest two-neutron halo nuclei, 6 He and 22 C, respectively. The matter radius and binding energy for the 6 He and 22 C nuclei are calculated and the effect of the core deformation ( 20 C) on the properties of 22 C nuclei is also discussed.
Introduction
The progress in radioactive nuclear-beam facilities helps to discover new phenomena in nuclear physics such as halo nuclei, where the core nucleus is surrounded by a halo of orbiting protons or neutrons. The halo phenomenon make the nucleus radius abnormally larger than that predicted by the liquid drop models, but with weak binding energy. The known two-neutron halo nuclides currently are 6 He, 11 Li, 14 Be, 17 B, 19 B, and 22 C. The lightest one is 6 He while the heaviest one is 22 C; these are investigated in this work.
The attractive case of the unusual 22 C nucleus was lately formulated as a two-neutron halo with a 20 C core within the renormalized zero-range model [1, 2] . This investigation allowed us to put some constraints on the separation energy of two-neutron S 2n as well as the 21 C virtual state energy using the recently extracted matter radius of 5.4 ± 0.9 fm [1, 3] . The quoted value of S (exp) 2n
is 0.42 ± 0.94 MeV [1, 3] .
The radius of 6 He was first derived by Tanihata et al. [4, 5] to be r m = 2. 73(3) fm. Consecutively, Tostevin and Al-Khalili [6] arrived at a value of r m = 2 .54(3) fm. Later Alkhazov et al. [7] and Neumaier et al. [7] [8] [9] found another result for 6 He, r m = 2 . 45(8) fm. The two valence neutrons are found to be bound by a little less than 1 MeV (0.97 MeV) [10] .
Theoretical aspect
The three-body system is described in terms of the core with valence neutrons. * Correspondence: waleed973@yahoo.com
The distances between each couple of particles ⃗ r jk and the distance between the mass center of the pair and a third particle are described in the Jacobian coordinates (⃗ x, ⃗ y)
The Hamiltonian of the core determines eigenvalues ε core and eigenstates φ core
The total wave function is
Ψ(x, y) contains the spin, radial, and angular of the remaining two bodies relative to the core. The hyperspherical is used to convert a two-dimensional differential equation into coupled one-dimensional equations. The Jacobi coordinates (x, y) are converted into the coordinates of the hyperspherical (hyperangle θ and hyperradius ρ) defined as
. The hyperspherical expansion "radial and angular wave functions" is
where
The valence neutrons wave function is
where L formalism is presented in [11, 12] . The total Hamiltonian,Ĥ , iŝ
The Hamiltonian includes the kinetic energyT =T x +T y , the core Hamiltonianĥ core ( ⃗ ξ) depends on the interior variables ⃗ ξ , and the two-body interactions V core−n and V n−n are for all the pairs of interacting bodies. The potential is considered as the deformed Wood-Saxon potential in addition to a spin-orbit interaction.
The rotational model is expected for the core structure; therefore, the core has been taken as a deformed axially symmetric rotor. In the body-fixed structure the radius of this core deformation is expanded in terms of the spherical harmonic and, for simplicity, the quadruple term has been retained only, as in Eq. (9):
with
core , R so = R is assumed, ⃗ l is the orbital momentum operator between a neutron and a core, ⃗ s is the neutron's spin operator, m = m π is the pion mass for practical calculations
β 2 is the core's deformation parameter, and A core is the core mass number. The position of total mass center is:
r i is the i nucleon position , r CM is mass center, and the (rms) matter radius ⟨ r 2 m ⟩1 / 2 of the halo nucleus is
The total quadruple moment can be written as Q = Q j + Q c , where Q is the total quadruple moment composed of Q j because of the loose neutron and Q c for the core. Generally Q c >> Q j [13] .
Eq. (11) can be given as
where J is the total angular momentum, Ω is the projection of j , and Q ′ can be taken as
Here, Z is the atomic number, R is the nucleus radius calculated before, and δ is associated with the deformation parameter β 2 (β 2 = 2/3(4 π /5) 1/2 δ) [13] .
Eq.(5) describes the valence neutrons' wave function, and ? in Eq. (2) is the core wave function, calculated depending on shell model. Eq. (2) itself defines a whole wave function of the two-neutron halo system.
The Hamiltonian of the three-body system in Eq. (6) is carried out to calculate the energy of the threebody halo nucleus. The relationship among the three bodies depends on the Wood-Saxon potential as well as spin-orbit interaction as indicated in Eq. (7). Two configurations, the Y-configuration and T-configuration, are used in this study by using Jacobi coordinates. The core is suggested to be deformed (the core of 6 He is zero) and is connected with the two neutrons. The bounded states of 6 He and 22 C, the binding energy of 6 He and 22 C, the matter rms radius of 6 He and 22 C, and a deformation of 20 C are calculated. In Eq. (3), the values of ρ and ρ o are approximated from the following formulas:
The total angular momentum (j) for a halo neutron depends on the core-n radius, and hence using the approximations, ρ and ρ o are calculated.
In Eq. (9), Y 20 (θ, ϕ) is taken as
The Wood-Saxon potential is dependent on the core's deformation parameter β 2 through the radius R, Eq. 
Results
In the present work, the two-neutron halo structure nuclei have been investigated by using a microscopic cluster model. This approach has been used on other two-neutron halo nuclides such as 17 B, 11 Li, and 14 Be and has succeeded in describing the three-body system [14, 15] . In this work fitting of some parameters to make this model more suitable for a three-body system or a two-neutron halo nuclide was done to see whether the results were in agreement with the experimental data. The 6 He and 22 C nuclei were considered in this work, since they are considered the lightest and the heaviest two-neutron halo nuclei. We focused on potential depth (V o ), surface diffuseness value (a), and empirical constant (r o ) parameters and fitted them to provide results.
3.1.

C nucleus
The radius and binding energy of 22 C as a function of deformation are presented in Figure 1 and Figure 2, respectively. 22 C consists of 6 protons and 16 neutrons. From Figure 3 the very weakly bound energy is with the higher deformation (the negative side that means "oblate shape") at β 2 < -0.4, suggesting that the halo neutron built on the excited core may not be entirely accurate. However, that is not our goal. As seen in Figure 1 , the empirical constant r o changes from 1.2 to 1.4 fm, indicating that r o = 1.4 fm is more suitable to calculate matter radius and corresponds with the experimental core deformation parameter and experimental matter radius. This value has been used to calculate the binding energy of 22 C with some changes in values of potential depth, V o , and surface diffuseness, a. In Figure 2 The results in Figures 2 and 3 with all the fittings indicate that the binding energy is less than the experimental value and changing of those parameters does not makes a big difference in the value of the binding energy.
3.2.
6 He nucleus 6 He consists of four neutrons and two protons, meaning that a core in 6 He consists of two protons and two neutrons that occupy the first closed shell and as such the deformation in the core is excluded in this case. Now we have an alpha particle with two valence neutrons, which probably occupy one of the 1p 1/2 , 1d 5/2 , and 
Conclusion
The main purpose of the present study is to confirm that the microscopic cluster model is able to describe and calculate the properties of the three-body system (two-neutron halo nuclides) in both the lightest and heaviest two-neutron halo nuclei. As a conclusion, the use of the microscopic cluster model is successful in explaining the properties of the lightest and heaviest two-neutron halo nuclei of 6 He and 22 C.
The second purpose is the fitting of parameters such as V o and r o in improving this model for accurate calculation of those properties. However, we found that reasonably changing the parameter values only makes small differences in the results and the values of V o = 60 MeV, r o = 1.4 fm, and a = 0.5 give good results in comparison to the experimental data. There were two possibilities, to build the valence neutron (halo neutron) on the excited core or on the inert core, but the results showed that a neutron built on the excited core is not totally accurate.
As seen from the figures, the results of 6 He are more in agreement with the experimental data than those of 22 C. This may be due to the number of protons, which has an effect on the total potential by Coulomb repulsion. The core deformation has an effect on the results. The core deformation of 6 He is zero, but for 20 C it has a value of about (β 2 = −0.4−β 2 = −0.2 ), which could be considered for further studies.
